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$H_{d}=(-i\nabla-A_{1}(x)-A_{2}(x-d))^{2}$ , $d\in R^{2}$




1 $\delta$- Schr\"odinger ,
1 . 1959 Aharonov
Bohm , , Aharonov-Bohm $=\mathrm{A}\mathrm{B}$
([2]). ,
Bessel . , (3)
. , \mbox{\boldmath $\delta$}- 2
, , .




$b\in C_{0}^{\infty}(R^{2})$ 2 Schr\"odinger
$H(A)=(-i \nabla-A)^{2}=\sum_{j=1}^{2}(-i\partial_{j}-a_{j})^{2}$ , $\partial_{j}=\partial/\partial x_{j}$ ,
. , $A=(a_{1}(x), a_{2}(x))$ : $R^{2}arrow R^{2}$
$b=\nabla\cross A=\partial_{1}a_{2}-\ a_{1}$ . ,
$A_{b}(x)=(-\partial_{2}\varphi(x), \partial_{1}\varphi(x))$ , $\varphi=(2\pi)_{\nearrow}^{-1}\int\log|x-y|b(y)dy$,
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Remak. , $\alpha\neq 0$ $A_{b}$ $O(|x\models^{1})$ .
, $b$ . ,
$Aarrow A+\nabla g$ . , $\alpha\neq 0$
, $b$ $O(|x|^{4-\epsilon})$ , $\epsilon>0$ ,
.
.
Lemma 2.1 $b$ $A\in C^{\infty}$ $|x|$ 1
$A(x)=A_{\alpha}(x)=\alpha(-x_{2}/|x|^{2}, x_{1}/|x|^{2})$
.
, $A$ $(H(A), H_{0})$
. , $H_{0}=-\Delta$ .
$H(A)-H_{0}$ ,
$W_{\pm}(H(A), H_{0})=s- \lim_{tarrow\pm\infty}\exp(itH(A))\exp(-itH_{0})$
Ran $W_{-}(H(A), H_{0})=\mathrm{L}\mathrm{m}$ $W_{+}(H(A), H_{0})$ .
([13]). ,
$S(H(A), H_{0})=W_{+}^{*}(H(A), H_{0})W_{-}(H(A), H_{0})$
.
,
$\varphi \mathrm{o}(x;\theta, \lambda)=\exp(i\sqrt{\lambda}x\cdot\theta)$, $\lambda>0,$ $\theta\in S^{1}$ ,
, H , $H_{0}\varphi_{0}=\lambda\varphi_{0}$ . ,
$F:L^{2}(R^{2})arrow L^{2}((0, \infty);d\lambda)\otimes L^{2}(S^{1})$
(Fu) $( \lambda, \theta)=2^{-1/2}(2\pi)^{-1}\int\overline{\varphi}\mathrm{o}(x;\theta, \lambda)u(x)dx=2^{-1/2}\hat{u}(\sqrt{\lambda}\theta)$ ,
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, $H_{0}$ , $FH\ovalbox{\tt\small REJECT}^{\ovalbox{\tt\small REJECT}}\ovalbox{\tt\small REJECT}\lambda \mathrm{x}$ . ,
$S(H(A), H_{0})$ ( ) $\ovalbox{\tt\small REJECT}$
$S(H(A), H_{0}) \simeq FS(H(A), H_{0})F^{*}=\int_{0}^{\infty}\oplus S(\lambda;H(A), H_{0})d\lambda$ , (1)
[ , $S(\lambda;H(A), H_{0})$ : $L^{2}(SDarrow L^{2}(S^{1})$ , $E>0$ ?
. $S(\theta’,$ $\theta;\lambda\underline{)}$ , $\omega\in S^{1}$ , $\in S^{1}$ ,
$E>0$ $f(\omegaarrow\tilde{\omega};E)$ ,
$f(\omegaarrow\tilde{\omega};E)=c(E)(S(\tilde{\omega},\omega;E)-\delta(\tilde{\omega}-\omega))$
. , $c(E)=(2\pi/i\sqrt{E})^{1/2}$ .




2.2 1 \mbox{\boldmath $\delta$}
1 $\delta$- Aharonov-Bohm
(cf. [1,3, 16]).
$A_{\alpha}(x)=\alpha(-x_{2}/|x|^{2},$ $x_{1}/|x|^{2})=\alpha(-\partial_{2}\log|x.|, \partial_{1}\log|x|)$ . (2)
. , $\cross A_{\alpha}=2\pi\alpha\delta(x)$
. , A , $\alpha$
.
$C_{0}^{\infty}(R^{2}\backslash \{0\})$ Schr\"odinger
$H_{\alpha}:=H(A_{\alpha})$ . , H
.
$D(H_{\alpha})= \{u\in L^{2} : H_{\alpha}u\in L^{2}, \lim|u(x)|<\infty\}$ .
$|x|arrow 0$
, $H_{\alpha}u$ ( $R^{2}\backslash \{0\}$ distribution .
Remark. $\alpha$ $\{\lim|x|arrow 0|u(x)|<\infty\}$
:
$.\{1.!.\mathrm{m}\mathrm{r}\dot{u}(x). |=0\}|x|arrow 0^{\cdot}$





, H $\varphi_{\mp}(x;\lambda,\omega),$ $H_{\alpha}\varphi_{\mp}(\cdot;\lambda,\omega)=\lambda\varphi_{\mp}(\cdot;\lambda,\omega)$ ,
$\varphi_{\mp}(x;\lambda,\omega)=\sum_{l\in Z}\exp(\pm i|l-\alpha|\pi/2)\exp(\mathrm{i}\mathrm{l}\gamma(x;\pm\omega))J_{|l-\alpha|}(\sqrt{\lambda}|x|)$
. , $J_{\nu}$ Bessel . ,
([16]). $f(\omegaarrow\tilde{\omega};E)$
,
$f=( \frac{2\pi}{i\sqrt{E}})^{1/2}((\mathrm{c}\mathrm{o}s\alpha\pi-1)\delta(\tilde{\omega}-\omega)-\sin\alpha\pi \mathrm{v}.\mathrm{p}.\cdot..\cdot\frac{ie([\alpha]+1)(\overline{\omega}-\omega)}{\pi(e^{(\tilde{\omega}-\omega)}-1)})$ (3)
([3, 16]). , $[\alpha]$ $\alpha$ , $\tilde{\omega}-\omega$ $\omega$
$\tilde{\omega}$ .
H $\wedge\varphi_{\mp}(x; \lambda,\omega)$ ffl ([3, 4, 15]
). $\omega=\pm d$ $\tilde{\omega}\pm\hat{d}$ . H
$\varphi\pm(x;\lambda,\omega, \alpha)$ , $R^{2}$ , $\varphi-(x;\lambda,\omega, \alpha)=$
$\overline{\varphi}_{+}(-x;\lambda,\omega, -\alpha)$ .
$|x|arrow\infty$ $\varphi_{+}$ . $\hat{x}=\omega$
.









$\delta$- 2 , 1 ,
Propositons 3.1-3.4 . $A_{j}(x)=A_{\alpha_{j}}(x-ej),$ $j=1,2$, $\delta-$
$2\pi\alpha_{j}\delta(x-e_{j})$ $((2))$ . , $e_{1}\neq e_{2}$
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Proposition 31( ) $H(A_{1}+A_{2})$
$D=\{u\in L^{2} : H(A_{1}+A_{2})u\in L^{2},\varliminf_{|x\mathrm{e}_{j}|arrow 0}|u(x)|<\infty, j=1,2\}$ .
.
, $H:=H(A_{1}+A_{2})$ .
Proposition 32( ) $H$ .
$L^{2}$ $L_{s}^{2}(R^{2}):=L^{2}$ ( $R^{2}$ ; $\langle$ x)2sd\rightarrow .
Proposition 3.3 ( ) $R(z;H)=(H-z)^{-1},$ $s>1/2$ . $\lambda>0$
, $L_{s}^{2}(R^{2})$ $L_{-s}^{2}(R^{2})$ :
$R(\lambda\pm i0;H)=\mathrm{h}.\mathrm{m}R(\lambda\epsilon\downarrow 0\pm i\epsilon;H)$.
$\lambda>0$ $(0, \infty)$ .
Proposition 3.4 ( )
$W_{\pm}(H, H_{0})=s-\mathrm{h}.\mathrm{m}\exp(itH)\exp(-itH_{0})tarrow\pm\infty$ : $L^{2}arrow L^{2}$ .
, :
Ran $W_{+}(H, H_{0})=\mathrm{R}\mathrm{a}\mathrm{n}$ $W_{-}(H, H_{0})=L^{2}$ .
4
4.1 $b\in C_{0}^{\infty}(R^{2})$
, 2 $b_{1},$ $b_{2}\in C_{0}^{\infty}$ . ,
$A_{1}$ , A2 Lemma 2.1
$b_{1}(x)+b_{2}(x-d)$ , $d\in R^{2}$
Schr\"odinger
$H_{d}=H(A_{1}+A_{2,d})=(-i\nabla-A_{1}-A_{2,d})^{2}$ , $A_{2,d}(x)=A_{2}(x-d)$
. $(H_{d}, H_{0})$ $f_{d}(\omegaarrow\tilde{\omega};E)$ . , $(H(Aj), H_{0})$ ,
$j=1,2$ $f_{j}(\omegaarrow\tilde{\omega};E)$ . , $(H(A_{2,d}), H_{0})$
$f_{2,d}(\omegaarrow\tilde{\omega};E)=\exp(-i\sqrt{E}d\cdot(\tilde{\omega}-\omega))f_{2}(\omegaarrow\tilde{\omega};E)$
163
. $\gamma(x;\omega)$ $x$ $\omega\in S^{1}$ ,
$\tau(x;\omega,\tilde{\omega})=\gamma(x;\omega)-\gamma(x;-\tilde{\omega})$ .
. , $\omega=x/|x|$ ,
$\exp(i\alpha\gamma(x;\omega)):=(1+\exp(i2\alpha\pi))/2=\cos\alpha\pi \mathrm{x}\exp(i\alpha\pi)$
. , $\alpha_{1},$ $\alpha_{2}$ $b_{1},$ $b_{2}$ .





$f_{d}(\omegaarrow-\omega;E)$ $=f_{1}(\omegaarrow-\omega;E)+f_{2,d}(\omegaarrow-\omega;E)+o(1)$ , $(\omega\neq\pm\hat{d})$ ,
$f_{d}(\hat{d}arrow-\hat{d};E)$ $=f_{1}(\hat{d}arrow-\hat{d};E)+(\cos\alpha_{1}\pi)^{2}f_{2,d}(\hat{d}arrow-\hat{d}E)+o(1)$ ,
$f_{d}(-\hat{d}arrow\hat{d};E)$ $=$ $(\cos\alpha_{2}\pi)^{2}f1(-\hat{d}arrow\hat{d};E)+f_{2,d}(-\hat{d}arrow\hat{d};E)+o(1)$ .
Remark 2 Schr\"odinger
$-\Delta+V_{1}(x)+V_{2}(x-d)$
. , $V_{j},$ $j=1,2$ ,





$\alpha_{j},$ $j=1,2$, , 2 \mbox{\boldmath $\delta$}-
$2\pi\alpha_{1}\delta(x)+2\pi\alpha_{2}\delta(x-d)$
. , Schr\"odinger $H_{d}:=H$. $(A_{\alpha_{1}}+A_{\alpha_{2},d})$
. , Proposition 3.1
$D(H_{d})=\{u\in L^{2} : H_{d}u\in L^{2}, |x.|arrow 0\mathrm{h}\mathrm{m}|u(x)|<\infty, |x.d|arrow 0\underline{\mathrm{h}}\mathrm{m}|u(x)|<\infty\}$
.
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Theorem 42 $H_{0}=-\Delta$ $(H(A_{\alpha_{1}}), H_{0}),$ $(H(A_{\alpha_{2},d}), H_{0}),$ $(H_{d}, H_{0})$
$f1(\omegaarrow\tilde{\omega};E),$ $f_{2,d}(\omegaarrow\tilde{\omega};E),$ $f_{d}(\omegaarrow\tilde{\omega};E)$ ,
Theorem 4.1 (4) .
Remark. , $xarrow|d|x$ , $H_{d}$
$|d|^{-2}H_{\hat{d}}$ . , $(H_{\hat{d}}, H_{0})$ $f_{\hat{d}}(\omegaarrow\tilde{\omega};E)$
$(H_{d}, H_{0})$ $f_{d}(\omegaarrow\tilde{\omega};E)$ .
$f_{\hat{d}}(\omegaarrow\tilde{\omega};|d|^{2}E)=|d|^{-1}f_{d}(\omegaarrow\tilde{\omega};E)$
$|d|arrow\infty$ $(H_{d}, H_{0})$ ,
$(H_{\hat{d}}, H_{0})$ .
5
, Theorem 4.1 $\omega\neq\pm\hat{d},\tilde{\omega}\neq\pm\hat{d},$ $\omega\neq\tilde{\omega}$
. , [10] .
5.1. , 1 . $f_{1}(\omegaarrow\tilde{\omega};E)$
. , $\delta,$ $\sigma$ .
$0\leq\chi\leq 1$ , $\chi(s)=1$ for $0\leq s\leq 1$ , $\chi(s)=0$ for $s>2$
$\chi\in C_{0}^{\infty}[0, \infty)$ ,
$\beta_{0}(\xi)=\chi(2|\xi-\sqrt{E}\omega|/\delta^{2})$ , $\tilde{\beta}_{0}(\xi)=\chi(2|\xi-\sqrt{E}\tilde{\omega}|/\delta^{2})$
. $j_{0}\in C^{\infty}(R^{2})$ [ , $0\leq j_{0}\leq 1,$ $\partial_{x}^{\beta}j_{0}(x)=O(|x|^{-|\beta|})$ ( $d$ [ )
,
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}j_{0}\subset\Sigma(|d|^{\sigma},\omega, \delta)$ , $j_{0}=1$ on $\Sigma(2|d|^{\sigma},\omega, 2\delta)$ ,
. ,
$\Sigma(R,\omega, \delta)=\{x : |x|>R, |x/|x|-\omega|>\delta\}$ , $R>0$ .
. , $\tilde{j}_{0}(x)$




$\text{ }\acute{i\mathrm{E}}\ovalbox{\tt\small REJECT} \text{ }$ [8]
$f_{1}(\omegaarrow\tilde{\omega};E)$ $=$ $-\cdot(ic(E)/4\pi)(T\varphi_{0}(\omega, E),\tilde{J}_{0}\varphi_{0}(\tilde{\omega}, E))$ (5)
$+$ $(ic(E)/4\pi)(R(E+i0;H_{1})T\varphi \mathrm{o}(\omega, E),\tilde{T}\varphi \mathrm{o}(\tilde{\omega}, E))$.
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. , $\varphi_{0}(\omega, E)=\varphi_{0}(\cdot;\omega, E)$ ,
$T=H(A_{1})J_{0}-J_{0}H_{0}=\exp(i\alpha_{1}\gamma(x,\omega))[H_{0},j_{0}]\beta_{0}$ ,
$\tilde{T}=H(A_{1})\tilde{J}_{0}-\tilde{J}_{0}H_{0}=\exp(i\alpha_{1}\gamma(x, -\tilde{\omega}))[H_{0},\tilde{j}_{0}]\tilde{\beta}_{0}$
. $\omega\neq$ $T$ $\tilde{J}_{0}$
. , $|d|arrow\infty$ , (5) 1 $o(1)$











, $f_{d}(\omega,\tilde{\omega}, E)$ .
$j_{0d}(x)$ $=j_{0}(x-d)$ , $\tilde{j}_{0d}(x)=\tilde{j}_{0}(x-d)$ ,
$\theta_{d}(x;\omega)$ $=\alpha_{1}\gamma(x;\omega)+\alpha_{2}\gamma(x-d;\omega)$
$<$ . $5.1$ $J_{0}$ , $\tilde{J}_{0}$ ,
$J_{0d}$ $=j_{0}j_{0d}\exp(i\theta_{d}(x;\omega))\beta_{0}(D)$ ,
$\tilde{J}_{0d}$ $=\tilde{j}_{0}\tilde{j}_{0d}\exp(i\theta_{d}(x;-\tilde{\omega}))\tilde{\beta}_{0}(D)$,
$f_{d}(\omegaarrow\tilde{\omega};E)$ $=$ $-(ic(E)/4\pi)(T_{d}\varphi_{0}(\omega, E),\tilde{J}_{0d}\varphi_{0}(\tilde{\omega}, E))$





$\chi_{1d}(x)=\chi(|x|/3|d|^{\sigma})$ , $\chi_{2d}(x)=\chi_{1d}(x-d)$ ,
, $T_{d},\tilde{T}_{d}$ :










. $1\leq j,$ $k\leq 4$ [ ,
$\gamma jk(d)=(ic(E)/4\pi)(R(E+i0;H_{d})Tjd\varphi \mathrm{o}(\omega, E),\tilde{T}_{kd}\varphi \mathrm{o}(\tilde{\omega}, E))$
,
$f( \omega,\tilde{\omega};E)=\sum_{1\leq j,k\leq 4}\gamma_{jk}(d)+o(1)$
.
, , .
$\gamma_{33}(d)=o(1)$ , $\gamma_{44}(d)=o(1)$ , $\gamma jk(d)=o(1)$ $(j\neq k)$ , (6)
$\gamma_{11}(d)=\exp(i\alpha_{2}\tau(-d;\omega,\tilde{\omega}))f1(\omegaarrow\tilde{\omega};E)+o(1)$, (7)
$\gamma_{22}(d)=\exp(i\alpha_{1}\tau(d;\omega,\tilde{\omega}))f_{2,d}(\omegaarrow\tilde{\omega};E)+o(1)$ . (8)
Lemma 52 , $T_{k},,\tilde{T}_{k},$ $k=3,4$ , $o(1)$ .
$\gamma_{12},$ $\gamma_{21}$ $o(1)$ .
Lemma 5.3 $\sigma>0$ . , $\epsilon>0$ ,
$||\chi_{1d}R(E+i0;H_{d})\chi_{2d}||=O(|d|^{-1/2+4\sigma+}‘)$




. , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\chi_{1d}$ , $\gamma(x-d,\omega)=\gamma(-d;\omega)+O(|d\models^{1+\sigma})$ ,
$\exp(i\theta_{d}(x;\omega))=\exp(i\alpha_{2}\gamma(-d;\omega))\exp(i\alpha_{1}\gamma(x;\omega))+O(|d|^{-1+\sigma})$
. [ , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\chi_{1d}$ ,
$\exp(i\theta_{d}(x;-\tilde{\omega}))=\exp(i\alpha_{2}\gamma(-d;-\tilde{\omega}))\exp(i\alpha_{1}\gamma(x;-\tilde{\omega}))+O(|d|^{-1+\sigma})$ .
Lemm 52 (7) . , (8) .
Remark. ,
$R(E+i0;H_{0})$ . ( $d$ )
$R(E+i0;H_{d})$ . , $H_{0},$ $H(A_{1}),$ $H(A_{2d})--$
, .
, .
Remark. ($\omega=\pm\hat{d}$ $\tilde{\omega}=\pm\hat{d}$ )
, $H_{0}$ .
, $\omega=\hat{d}$ $H_{1},$ $\omega=-\hat{d}$ $H_{2}$ ,
Proposition 2.1 . ,
([11] )
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